Introduction
In order to make this paper as easily accessible as possible, I will interpret a super Lie group as a super Harish-Chandra pair (G o , g), even though I prefer to interpret them as a supermanifold G with a compatible group structure (in the sense of Amanifolds [Tuy04] ). In a super Harish-Chandra pair (G o , g), g = g 0 ⊕ g 1 is a super Lie algebra (over R) and G o an ordinary Lie group acting on g such that: A1. the Lie algebra of G o is (isomorphic to) g 0 ; A2. the action of G o preserves each g α (the action is "even"); A3. the restriction of the G o action to g 0 is (isomorphic to) the adjoint action of G o on it Lie algebra. The generally accepted definition of a super unitary representation of a super Lie group (G o , g) is the one that can be found (among others) in [CCTV06, Def. 2, §2.3] and [AHL13] . One defines a super Hilbert space (H, ·, · , S ),as a graded Hilbert space H = H 0 ⊕ H 1 with scalar product ·, · and super scalar product S (a graded symmetric non-degenerate sesquilinear form) satisfying the following conditions: B1. H 0 , H 1 = 0; B2. for all homogeneous x, y ∈ H we have S (x, y) = i |x| · x, y .
With these ingredients a super unitary representation of (G o , g) on the super Hilbert space (H, ·, · , S ) then is a couple (ρ o , τ ) in which ρ o is an ordinary unitary representation of G o on the Hilbert space H and τ : g → End C ∞ (ρ o ) an even super Lie algebra representation of g on C ∞ (ρ o ), the space of smooth vectors for ρ o defined by
satisfying the conditions: C1. for each g ∈ G o the map ρ o (g) preserves each H α (the representation is "even"); C2. for each X ∈ g 0 (the Lie algebra of G o !) the map τ (X) is the restriction of the infinitesimal generator of ρ o exp(tX) to C ∞ (ρ o ); C3. for each X ∈ g α the map τ (X) is graded skew-symmetric with respect to S ; C4. for all g ∈ G o and all X ∈ g 1 we have
where on the left we denote by g · X the action of G o on g. Unfortunately, already for the most simple super Lie group R 0|1 , the 0|1-dimensional abelian super Lie group for which the super Harish-Chandra pair is ({e}, {0} ⊕ R), the (left-) regular representation is not super unitary in the above sense. The representation space is the space of (smooth) functions C ∞ (R 0|1 ) of a single odd variable, i.e., isomorphic to C 2 via f (ξ) = a 0 + a 1 ξ and the infinitesimal action is given by the operator ∂ ξ , i.e., by the matrix ( 0 1 0 0 ). As C 2 = C⊕C is 1|1-dimensional, there is no possible choice for a super Hilbert space structure on C 2 for which the regular representation is super unitary.
In [Tuy17] 1 I proposed to change the definition of a super Hilbert space to a triple (H, ·, · , S ) by changing the condition B2 to B'2. S is continuous with respect to the topology of H defined by ·, · . But remember, S is just a non-degenerate graded symmetric sesquilinear form, not necessarily even nor homogeneous. And then I proposed to change the definition of a super unitary representation on a super Hilbert space (H, ·, · , S ) as a triple (ρ o , D, τ ) in which ρ o is an ordinary unitary representation of G o on the Hilbert space H and τ : g → End D an even super Lie algebra representation of g on D ⊂ C ∞ (ρ o ) ⊂ H, a dense graded subspace of H contained in the set of smooth vectors of the unitary representation ρ o , satisfying the conditions: C'1. for each g ∈ G o the map ρ o (g) preserves each H α (the representation is "even"); C'2. for each X ∈ g 0 (the Lie algebra of G o !) the map τ (X) is the restriction of the infinitesimal generator of ρ o exp(tX) to D; C'3. for each X ∈ g α the map τ (X) is graded skew-symmetric with respect to S ; C'4. for all g ∈ G o and all X ∈ g 1 we have
C'5. D ⊂ H is maximal with respect to the four conditions above. I then showed that the left-regular representation of any connected super Lie group is super unitary in this new sense. 2 In particular for the simplest example of the 0|1-dimensional super Lie group cited above, it suffices to take an odd super scalar product S instead of an even one as imposed by the standard definition. Now I think that rendering all regular representations super unitary is sufficient reason to justify my change of the definition of a super unitary representation, but my initial motivation comes from a heuristic super version of the orbit method. In [Tuy10b] 3 I introduced the notion of a mixed symplectic form and I showed that coadjoint orbits of a super Lie group carry in a natural way such a mixed symplectic form. In [Tuy09] (see also [Tuy10a] ) I then showed that representations associated to orbits with a non-homogeneous symplectic form appear in the (Fourier-Berezin) decomposition 4 of the regular representation of an explicit example of dimension 4|4, justifying the introduction of non-homogeneous symplectic forms. Now there seems to be a certain reluctance to accept the notion of non-even symplectic forms (see for instance [AHW16] ) and my "justifying" paper [Tuy09] has a serious drawback: half of the used procedure is heuristic and no (super) Hilbert spaces are mentioned. I still have no satisfactory way to produce (by means of super geometric quantization of super symplectic manifolds with a non-even symplectic form) structures that might lead to super Hilbert spaces; for super Lie groups, I only have a systematic way to produce representations (essentially on spaces of smooth functions) associated to coadjoint orbits and polarizations, and then I have to invent by hand the (super) Hilbert space structure adapted to such a representation and I have to adapt by hand the dependence on odd parameters linked to the specific orbit. But now that I have a convenient notion of a super unitary representation, I will give, for a particular (Heisenberg like) super Lie group of dimension 3|3, a list of super unitary representations in my new sense. I am convinced this will be the complete list of all inequivalent irreducible super unitary representations of this group, but (of course) I have no proof and I might be wrong. And then the challenge is to find a systematic way to obtain them via a well-defined orbit method. The interested reader will find another example in [Tuy09] (for which I have the same conviction) to test any super orbit method, although in that example no mention is made of any kind of notion of super unitary representation.
A super Lie group and a list of super unitary representations
As a super Lie group of dimension 3|3 our example G "is" R 3|3 with three global even coordinates a, b, c and three global odd coordinates α, β, γ and group law given by the multiplication (ab − bâ) .
The super Lie algebra g = g 0 ⊕ g 1 of dimension 3|3 with three even basis vectors e 0 , e 1 , e 2 and three odd basis vectors f 0 , f 1 , f 2 is described by the commutators
all others either 0 or determined by graded skew-symmetry. It is a central extension of the abelian super group of dimension 2|2 by a 1|1-dimensional center; at the algebra level the center is generated by the vectors e 0 , f 0 . And finally the (adjoint) action of G o on g is given by
(a, b, c) · e 0 = e 0 , (a, b, c) · e 1 = e 1 − b e 0 , (a, b, c) · e 2 = e 2 + a e 0
Once we have the description of our super Lie group, we can provide our list of seven families of super unitary representations. However, instead of providing the unitary representation ρ o of G o and the infinitesimal representation τ , I will give the integrated version ρ, which is a bona fide representation of the full super group G. The unitary representation ρ o is directly obtained by putting α = β = γ = 0 in the expression for ρ, and τ is obtained by computing the derivatives of ρ with respect to the six variables a, b, c, α, β, γ at the point (a, b, c, α, β, γ) = 0. For the third family this will be done explicitly.
Family 1. We start with a family of 1-dimensional representations depending on two real parameters k, and two odd parameters κ, λ. Our graded Hilbert space is given by H = C ⊕ {0} with scalar product and super scalar product S (χ, ψ) = χ, ψ = χ · ψ. And then the representation ρ is given by ρ(a, b, α, β, c, γ)ψ = e i(ak+b +ακ+βλ) ψ .
Family 2. For this family the Hilbert space is H = L 2 (R 2 ) ⊕ {0} with its standard scalar product and super scalar product given by χ, ψ = S (χ, ψ) = χ(x, y) ψ(x, y) dx dy .
On this Hilbert space we define a one-parameter family of representations ρ depending on a nonzero odd parameter κ by
Family 3. Here the graded Hilbert space is H is given by H = L 2 (R) ⊕ L 2 (R), which I interpret as functions of one even variable x and one odd variable ξ according to
. The scalar product ·, · and the (odd) super scalar product S are given by
On this Hilbert space we define a 1-parameter family of representations ρ depending on a nonzero real parameter k by ρ(a, b, α, β, c, γ)ψ (x, ξ) = ψ(x + ka, ξ − kα) e ibx e −iβξ e ik(c+ 1 2
(ab−αβ)) .
This means that the unitary representation ρ o is given by
and the super Lie algebra representation is given by
Family 4. For this family the Hilbert space is the same as for the third family.
On it we define a two-parameter family of representations ρ depending on a real parameter k and a nonzero odd parameter κ by
(βa−bα))κ .
Family 5. For this family the Hilbert space is again the same as for the third family. On it we define a two-parameter family of representations ρ depending on a nonzero real parameter k and a nonzero odd parameter κ by
(ab+βα)) .
Family 6. Here the graded Hilbert space is H = C 2 ⊕ C 2 , which I interpret as functions of two odd variables ξ and η according to
The standard scalar product ·, · and the super scalar product S are given by
On this Hilbert space we define a three-parameter family of representations ρ depending on two real parameters k, and a nonzero odd parameter κ by
Family 7. For this family the Hilbert space is given by H = L 2 (R) 2 ⊕L 2 (R) 2 , which I interpret as functions of one even variable x and two odd variables ξ, η according to
The scalar product ·, · and the super scalar product S are given by
On this Hilbert space we define a three parameter family of representations ρ depending on two nonzero real parameters k, p and a nonzero odd parameter κ by (ab+βα−pb 2 )) .
Concluding remarks
• All (super) Hilbert spaces are interpreted as spaces of functions on super spaces of the form R p|q , or more precisely as spaces whose elements we can interpret as (smooth) functions of q odd variables with values in the space of square integrable functions of p real variables, i.e.,
. It then turns out that in all cases the super scalar product S (χ, ψ) is realised as the (translation invariant) Berezin-Lebesgue integral R p|q χ(m) ψ(m) dm.
• All (infinitesimal) representations τ act by differentiation or multiplication, and as such these operators act on the space of smooth functions C ∞ (R p|q ). In all cases the unmentioned dense subspace D then is given by
• In most of the families of representations we have required some of the parameters to be nonzero. Not because these representations do not exist when they take the value zero, but because in those cases the representation will certainly not be irreducible.
• In my way of thinking, the first family is associated to (coadjoint) orbits of dimension 0|0, the third family is associated to orbits of dimension 2|2 with an even symplectic form, the families 2, 4 and 6 are associated to orbits of dimension 2|2 with an odd symplectic form, and the families 5 and 7 are associated to orbits of dimension 2|2 with a non-homogeneous symplectic form. The seventh family is atypical as it is obtained by a polarization that is not of "maximal" dimension. For p = 0 we recover (apart from the term ∂ η in τ (f 2 )) the fifth family with the additional variable η.
• The attentive reader will have noticed that I have not been completely honest, as the families 4-7 do not fit my description of a super unitary representation. In particular ρ o is not an ordinary unitary representation of the ordinary Lie group G o , due to the presence of the (supposedly nonzero) odd parameter κ. On the other hand, apart from the fact that some of the parameters are odd, all these representations definitely have a "unitary" look, especially when one realises that the super scalar product is defined by integration of the product χ ψ with respect to a translation invariant "measure." As moreover all these families are obtained in the same way, I am sorely tempted to want to enlarge the definition of a super unitary representation even more in order to include all these families (e.g., linking the scalar product ·, · directly to the super scalar product S in the spirit of a Krein space as in [dGM18] , but by dropping the condition that ρ o should preserve ·, · ). Unfortunately I have not (as yet) a satisfactory way to do so.
• And last but not least: all feed back will be appreciated.
